
H
p

C
a

b

a

A
R
R
A
A

K
T
M
H
A
E
P

I

t
i
a
s
c
s
a
a
[

e
t
t
m
a
T
b

(

h
1

Applied Soft Computing 23 (2014) 298–307

Contents lists available at ScienceDirect

Applied  Soft  Computing

j ourna l ho me  page: www.elsev ier .com/ locate /asoc

ybrid  algorithms  for  the  twin–screw  extrusion  configuration
roblem

ristina  Teixeiraa, José  Covasa,  Thomas  Stützleb, António  Gaspar-Cunhaa,∗

IPC/I3N – Institute for Polymer and Composites, University of Minho, Guimarães, Portugal
IRIDIA, Université Libre de Bruxelles (ULB), CP 194/6, Av. F. Roosevelt 50, B-1050 Brussels, Belgium

 r  t  i  c  l e  i  n  f  o

rticle history:
eceived 20 June 2013
eceived in revised form 25 March 2014
ccepted 18 June 2014
vailable online 26 June 2014

eywords:
win-screw extruder

a  b  s  t  r  a  c  t

The  twin-screw  configuration  problem  (TSCP)  arises  in  the  context  of  polymer  processing,  where  twin-
screw  extruders  are used  to prepare  polymer  blends,  compounds  or composites.  The goal  of the  TSCP
is  to  define  the  configuration  of a screw  from  a  given  set  of  screw  elements.  The  TSCP can  be seen as  a
sequencing  problem  as the order  of the  screw  elements  on  the  screw  axis  has  to be  defined.  It  is  also
inherently  a multi-objective  problem  since  processing  has  to  optimize  various  conflicting  parameters
related  to  the  degree  of  mixing,  shear  rate, or mechanical  energy  input among  others.  In this  article,  we
develop  hybrid  algorithms  to  tackle  the bi-objective  TSCP.  The  hybrid  algorithms  combine  different  local
ulti-objective optimization
ybrid algorithms
nt colony optimization
volutionary algorithms
areto local search

search  procedures,  including  Pareto  local  search  and two  phase  local  search  algorithms,  with  two  different
population-based  algorithms,  namely  a  multi-objective  evolutionary  algorithm  and  a  multi-objective  ant
colony  optimization  algorithm.  The  experimental  evaluation  of these  approaches  shows  that  the  best
hybrid  designs,  combining  Pareto  local  search  with  a multi-objective  ant  colony  optimization  approach,
outperform  the best algorithms  that  have  been  previously  proposed  for  the  TSCP.

© 2014  Elsevier  B.V.  All  rights  reserved.
ntroduction

Twin-screw extruders are widely used by the plastic indus-
ry to prepare polymer blends, compounds and composites for
ncreasingly more advanced applications. They contain two  par-
llel intermeshing screws rotating inside a heated barrel. If both
crews rotate in the same direction, these machines are known as
o-rotating twin screw extruders. They often have a modular con-
truction, i.e., a number of individual barrel and screw elements are
vailable, enabling the assembly of geometrical configurations that
re adapted to the characteristics of the material being processed
1].

It is well known that the performance of co-rotating twin-screw
xtruders is strongly dependent on the operating conditions, on
he screw geometry/configuration used and on the properties of
he polymeric system. Screws are built by connecting along a shaft

odular screw elements with different geometric characteristics

nd, consequently, different impact on the compounding process.
hus, when a new compounding process is to be implemented, the
est screw configuration needs to be defined. This problem, known

∗ Corresponding author. Tel.: +351 919221333.
E-mail addresses: cteixeira@dep.uminho.pt (C. Teixeira), jcovas@dep.uminho.pt

J. Covas), stuetzle@ulb.ac.be (T. Stützle), agc@dep.uminho.pt (A. Gaspar-Cunha).

ttp://dx.doi.org/10.1016/j.asoc.2014.06.022
568-4946/© 2014 Elsevier B.V. All rights reserved.
as twin-screw configuration problem (TSCP), consists in defining
the location of a pre-defined number of screw elements along the
screw axis in order to optimize the process. The latter is evaluated
according to different performance measures, which from an opti-
mization perspective correspond to the objectives to be optimized.
As a result, the TSCP is a multi-objective optimization problem, that
is, it is characterized by the simultaneous optimization of several,
conflicting objectives.

In recent years, an automatic process that links the optimiza-
tion procedure to a modeling routine has been proposed and
continuously improved. Initially, Gaspar et al. proposed a multi-
objective evolutionary algorithm (MOEA) named reduced Pareto
set genetic algorithm (RPSGA) [2] that was  applied to solve the
TSCP [3] in terms of the optimization of the processing conditions
[4]. Teixeira et al. applied the same optimizer to the optimization
of several screw configuration case studies dealing with reactive
starch cationization [5]. This automatic procedure is only effective
if the modeling routine is able to predict correctly the evolution of
the different process performance measures (that is, the objectives
to be optimized) along the extruder barrel (e.g., pressure, tempera-
ture, shear rate, residence time, viscous dissipation, average strain

and dispersive and distributive mixing). This was  achieved by a
modeling routine [6], that takes into account the relevant physical
phenomena and that is sensitive to changes in polymer properties,
operating conditions and screw geometry/configuration. However,
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Fig. 1. Schematics of the twin-sc

ince this requires 1–3 min  to evaluate one screw configuration
measured on a single core of ing an AMD  opteron TM 2116
ual-core processors running at 2.4 GHz with 2 MB  L2 cache), it is

mportant to develop efficient optimization algorithms in order to
efine adequate screw configurations within a reasonable compu-
ational time.

Along these lines, several tests were performed in order to
btain an effective single objective iterative improvement algo-
ithm. This algorithm was extended to several bi-objective case
tudies of the TSCP, by embedding it into the two phase local search
TPLS) [7] and Pareto local search (PLS) frameworks [8]. TPLS is
ased on a search model using a scalarized acceptance criterion
SAC), whereas PLS is based on a search model using a component-
ise acceptance criterion (CWAC) [9]. In both cases, good results
ere obtained when compared with RPSGA. In another line of

esearch, multi-objective ant colony optimization (MOACO) algo-
ithms were adapted to tackle the TSCP, resulting in a final MOACO
lgorithm that was often superior to the other algorithms had been
onsidered previously [10].

All the algorithms developed so far for the TSCP rely on a sin-
le type of search method. Over the last years, the combination
f various search methods into hybrid algorithms has received
trong attention [11,12]. These combine components of different
lgorithmic ideas trying to obtain synergetic effects resulting in
ncreased convergence speed and/or higher quality solutions. The
robably most common approach to generate hybrid methods is
o complement population-based metaheuristics with local search
rocedures [13–16] to increase convergence speed and to locally
ne-tune solutions.

In this paper, we examine whether the heuristic algorithms
e have developed previously can be improved by hybridiza-

ion. We  examine various possibilities for hybridization. A first
ossibility is to post-process solutions generated by RPSGA, TPLS
nd MOACO by PLS. This hybridization is motivated by the high
erformance combinations of TPLS and PLS reached in other stud-

es [9,17]. A second possibility is to seed RPSGA and MOACO by
ood initial solutions obtained from TPLS, trying to speed-up the
onvergence of these population-based methods. A common fea-
ure of all the hybrid algorithms we study is that they consist
f two distinct phases. In a first phase, a starting set S of non-
ominated solutions is generated, which, in a second phase is then

mproved by another search method. Our experimental study of
hese hybrid methods on various bi-objective case studies of the
SCP shows the usefulness of hybridization: for the same num-
er of maximum screw evaluations, the hybrid methods find better
pproximations to the Pareto front. Our experiments also establish

 combination of MOACO with PLS as the best performing hybrid
trategy.

This paper is structured as follows. Section “The twin-screw con-
guration problem” presents the TSCP. The metaheuristics studied
n this work are explained in Section “Multi-objective algorithms”.
n Section “Case studies” we identify the case studies and the results
re discussed in Section “Results and discussion”. Finally, the main
onclusions are presented in Section “Conclusions”.
xtrusion configuration problem.

The twin-screw configuration problem

The TSCP consists in the definition of the sequence of a fixed
number of screw elements along the screw axis, in order to maxi-
mize the relevant performance measures of a given compounding
process. The set of available screw elements is composed by the
following three types of geometries:

1 Conveying elements have a positive drag conveying capability;
they are characterized by different pitches and lengths. A screw
element with higher pitch has a higher conveying capability.

2 Left handed elements create a backflow and thus impose a restric-
tion to the axial progress of the polymer flow; they are generally
used to induce melting and dispersive mixing, they are also char-
acterized by pitch and length.

3 Kneading blocks are sets of kneading disks that are assembled
to form positive, neutral or negative staggering angles. Positive
angles create conveying capability, while negative angles impose
a restriction to the polymer flow. The former promotes dis-
tributive mixing, while the latter are used for dispersive mixing
purposes.

In Fig. 1, we  give an example where a total of 14 screw elements
must be located along the screw axis. They encompass 11 conveying
elements, two kneading blocks and one left handed element.

As the individual modules have different geometric char-
acteristics and, consequently, dictate different polymer flow
characteristics, the process performance will be different depend-
ing on their relative positions [18Teixeira et al., 2007,6]. There is
no closed analytical form to compute the performance measure
of the extrusion process for a given screw configuration; thus,
this computation relies on simulation, which essentially requires
numerical solutions to the balance equations describing the pro-
cess. Earlier we developed an appropriate modeling routine that is
able to predict satisfactorily the evolution of the different process
performance parameters along the extruder [6].

Next, we  give a high-level process description. Table 1 repre-
sents a possible screw configuration composed by 14 conveying
elements with different lengths (30, 60 and 120 mm)  and pitches
(20, 30, 45 and 60 mm),  one left handed element (with a pitch of
−20 mm)  and two  kneading blocks forming staggering angles of
−45◦ and −60◦. Fig. 2a depicts a co-rotating twin screw extruder
with the screw configuration presented in Table 1. This machine
comprises a screw feeder to feed the polymer at a pre-set rate,
the screw modular barrel elements and a die to shape the final
melt. Both barrel and die are heated to a set temperature by heater
bands. Fig. 2a also shows the axial evolution of the computational
pressure and temperature. The physical steps I–VI the material is
typically subjected to as it progresses along the screw axis are iden-
tified in Fig. 2b [18Teixeira et al., 2007,6]. Initially the polymer

will flow through conveying elements under starved conditions
as a result of screw rotation and, consequently, without pressure
(Fig. 2b, I). When the first restrictive screw element (that is, either
a left handed element or a kneading block) is reached, the channel
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Table 1
Screw profile used in the simulation presented in Fig. 2. Restrictive elements are indicated in boldface.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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Length (mm)  97.5 120 30 45 30 12 

Pitch  angle (◦) 45 30 30 KB-45 KB-60 60 

lls up (Fig. 2b, II) and heat transfer becomes more efficient. Even-
ually, a thin melt film surrounds the solid plug (Fig. 2b, III). Soon,
he melt film near the active flanck of the screw will grow into a

elt pool (Fig. 2b, IV). Eventually the solid bed will break, so that the
urviving pellets become dispersed in polymer melt (Fig. 2b, V) and
elting is quickly completed. Depending on the screw configura-

ion, the melt can progress in a total or a partially filled channel, and
onsequently under or without pressure, respectively. Finally, the
olymer is pushed through the die, and the extrudate is produced.

ase studies
In order to compare the performance of the hybrid and non-
ybrid algorithms, we defined experiments that make use of
he characteristics of a co-rotating twin screw extruder Leistritz

Fig. 2. Evolution of computational pressure and temperature alon
30 120 60 30 60 60 37.5 30 60
60 30 20 −20 30 45 20 20 30

LSM30.34 available at the University of Minho. The geometric char-
acteristics (length and pitch) of the 16 individual screw elements
available are described in Table 1. Taking into account the impor-
tance of restrictive elements in the process, four different numbers
of screw elements where considered (Table 2): from one in instance
TSCP1 to four in instance TSCP4. Note that KB-60 represents a set
of kneading disks forming a backwards angle of 60◦.

As illustrated in Fig. 1, to guarantee enough conveying capabil-
ity upstream, the position and geometry of the first two conveying
elements are fixed. Thus, the aim is to define the location of 14
screw elements that optimize the performance of the compound-

ing process. Table 3 presents the objectives considered, the aims of
the optimization (minimization or maximization) and the respec-
tive range of variation ([xmax, xmin]). Each of the combinations of
two objectives defines one case study for the algorithms. Thus,

g the extruder and compounding phenomenological steps.



C. Teixeira et al. / Applied Soft Computing 23 (2014) 298–307 301

Table  2
Screw elements used in each instance of the case studies. Restrictive elements are indicated in bold.

Instance Screw 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

TSCP1 Length (mm)  97.5 120 45 60 30 30 30 60 30 120 30 120 37.5 60 60 30
Pitch  (mm)/angle (◦) 45 30 45 30 20 60 30 20 KB-60 30 30 60 20 45 30 20

TSCP2 Length (mm)  97.5 120 45 60 30 30 30 60 30 120 30 120 37.5 60 60 30
Pitch  (mm)/angle (◦) 45 30 45 30 -20 60 30 20 KB-60 30 30 60 20 45 30 20

TSCP3 Length (mm)  97.5 120 45 60 30 30 30 60 30 120 30 120 37.5 60 60 30
◦ 60 
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Pitch  angle ( ) 45 30 KB-45 30 -20 

TSCP4 Length (mm)  97.5 120 45 60 30 

Pitch  angle (◦) 45 30 KB-45 30 -20 

e have a total of 12 TSCP instances to apply the algorithms and
ach of these instances corresponds to the combination of a specific
umber of screw elements and two objectives.

As mentioned in Introduction Section, the modeling routine
equires considerable computation time, in the range of one or
ore minutes on a modern CPU. Thus, even for small problems such

s the ones with 14 screw elements that we consider in this paper,
n exhaustive enumeration of the search space is not possible. In
act, assuming one minute per evaluation, an exhaustive enumera-
ion would result in computation times of more than 150 000 CPU
ears. Hence, heuristic algorithms are the main feasible way  to
ackle the TSCP. To limit the computation time of the heuristics, we
se as a stop criterion for each algorithm 3000 evaluations of the
odeling routine. Thus, the comparison of the algorithms is based

n the same computational effort allocated to each algorithm.

ulti-objective algorithms

In this section, we describe the local search and the population-
ased heuristic algorithms that we explored in previous research
fforts and that we used as our basis for the hybrid algorithms we
tudy in this paper.

wo-phase local search

The main idea underlying TPLS is to aggregate the objectives
f the multi-objective problem into a sequence of single objective
roblems that are solved with effective local search methods [19,9].
he single objective problems are typically generated by using
eighted sum aggregations and the sequence of single objective
roblems is obtained through modifications of the weights dur-

ng the search process, which allows TPLS to search different areas
f the Pareto front. Details about the construction of the weights
dopted for this work can be found in [7]. The TPLS algorithm we
pply is presented in Algorithm 1 in pseudo-code. It starts with an
nitial solution s, which is generated randomly (line 1). Then, s is
mproved by a stochastic local search [20] algorithm SLS1 (line 2)
o find a solution that is as good as possible for the set of weights
onsidered. The final solution s is added to the archive (line 3). Next,
PLS explores a sequence of aggregations applying an SLS algorithm
LS2, considering as initial solutions for each aggregation the best
olution of the previous aggregation. All non-dominated solutions

ound in this process are added to the archive (lines 4–7). The algo-
ithm stops when the maximum number of evaluations is reached
nd returns the filtered archive (lines 8–9) as a final approximation
o the Pareto front.

able 3
ptimization objectives, direction of optimization and prescribed range of variation.

Objectives Direction Xmin Xmax

Specific mechanical energy Minimization 0.1 2
Viscous dissipation Minimization 0.9 1.5
Average strain Maximization 1000 15 000
30 20 KB-60 30 30 60 20 45 30 20
30 60 30 120 30 120 37.5 60 60 30
30 20 KB-60 30 30 60 KB-30 45 30 20

The TPLS algorithm we apply here is an iterative first-
improvement algorithm that makes use of a two-exchange
neighborhood that exchanges the position of two screw elements
in the sequence and that uses the neighborhood restriction tech-
niques as described in [7]. When running TPLS, both the final best
solution found by the iterative improvement process and all non-
dominated solutions that have been examined during the local
search process are added to the archive.

Algorithm 1. TPLS algorithm

1: s is a randomly generated solution
2: s′ = SLS1(s) /* First phase */
3:  Adds′ to Archive
4:  for all weight vectors � do
5:  s = s′

6: s′ = SLS2(s, �) /* Second phase */
7: Add s′ to Archive
8:  end for
9: Filter Archive
10: return Archive

Pareto local search

PLS uses dominance criteria for accepting neighboring can-
didate solutions into an archive that collects the current set of
non-dominated solutions found so far [21,9]. PLS can be seen as
a straightforward extension of iterative improvement algorithms
from single objective problems to the multi-objective case. An out-
line of PLS is presented in Algorithm 2. The archive is initialized with
a set of solutions S and for each solution s in the Archive an associ-
ated visited flag is set to false (line 1). At each step of PLS, a solution
is first chosen uniformly at random among all still unvisited solu-
tions in the archive (that is, among all solutions whose visited flag
is false; line 3). Next, the neighborhood of the chosen solution s
is examined and all neighboring solutions that are non-dominated
with respect to s (line 4) are added to the archive with their visited
flag set to false (line 5). At the end of the neighborhood examination,
the visited flag of s is set to true (line 6). Before the next iteration,
the archive is filtered by removing all dominated solutions (line 7).
This process continues until either all solutions in the archive are
visited or the limit of the number of screw evaluations is reached.
When PLS is used as a stand-alone algorithm, it is typically initial-
ized by one single solution; however, when hybridized with other
algorithms, the initial set of PLS is the candidate set of solutions
output by the other algorithm.

Given the possibility of the exponential increase of the num-
ber of non-dominated solutions, a bounding technique has been
used [22]. The main idea is to allow only one solution in a spe-
cific region of the objective space to be added to the archive. For
this purpose, the objective space is divided into a grid according to a
geometric sequence and only one solution is allowed to occupy each

hypercube. This method limits the increase of the non-dominated
solutions in the archive and prevents cycling, given that one solu-
tion will only enter into a hypercube if it dominates the solution
already there in.
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PLS uses the same two-exchange neighborhood as TPLS; more
etails on the PLS algorithm can be found in [8].

lgorithm 2. PLS Algorithm

1: Initialize Archive A, mark all s ∈ A as unvisited
2:  while termination condition not met  do
3:  s← RandomChoice(A, unvisited)
4:  S′ ← neighbors s′notdominatedw . r . t . s, mark all s′ as unvisited
5:  A ← A ∪ S′

6: mark s as visited
7: Filter(A)
8: end while
9: return A

educed Pareto set genetic algorithm

Evolutionary algorithms are based on the concept of natural
volution and use a set of solutions that, in each generation, will
ndergo selection, mutation and crossover operations, trying to

mprove the quality of the following generations of solutions [23].
n this study, we apply the reduced Pareto set genetic algorithm
RPSGA) proposed by Gaspar et al. [3] as a representative MOEA
lgorithm. RPSGA uses two populations: the main and an elitist
opulation. The first population with n individuals stores the best

ndividuals found in each iteration; the elitist population with 2n
ndividuals applies the inver-over operator [24]. Additionally, an
rchive of non-dominated solutions is kept in order to avoid good
olutions getting lost. The main steps of the RPSGA algorithm are
llustrated in Algorithm 3.

lgorithm 3. RPSGA

1: Initialize pe (external population) and Archive to empty set
2:  pi is a randomly generated, initial population (internal)
3: while termination condition not satisfied do
4:  Evaluate pi

5: Evaluate individuals’ fitness considering clustering
6:  Copy best individuals to pe

7: if external population full then
8:  pe ← Clustering(pe)
9:  Copy best individuals of pe to pi

10: end if
11: Select individuals for reproduction
12: Apply Inver-over operator to selected pairs of individuals
13: Add non-dominated solutions to Archive
14: Filter Archive
15: end while
16: return Archive

First, the algorithm generates an empty external population and
rchive (line 1) and randomly creates the internal population (line
). At each iteration, the following steps are carried out. The solu-
ions of the internal population are evaluated by the modeling
outine (line 4); then, the fitness of each solution is calculated mak-
ng using of the clustering technique (line 5) and a fixed number of
est solutions are copied to the external population (line 6). If the

atter is not full, the selection and inver-over operators are applied
o individuals of the internal population to produce a new popu-
ation (lines 11 and 12). The non-dominated solutions found are
opied to the archive (line 13) and this is filtered to remove domi-
ated solutions (line 14). If the external population becomes full, a
lustering technique is applied to sort the individuals of the exter-
al population, and a pre-defined number of the best individuals
re incorporated in the internal population by replacing the lowest
tness individuals (lines 8 and 9). More details on the algorithm
an be found in [3].

ulti-objective ant colony optimization (MOACO)
Ant colony optimization is a population-based algorithm that
akes inspiration on real ants’ foraging behavior [25,26]. The main
dea of ACO is to probabilistically construct solutions as a function of
puting 23 (2014) 298–307

the concentration of pheromone on the ants trail and to iteratively
reinforce the components of solutions with better performance.
MOACO algorithms apply the mechanisms of ACO algorithms to
tackle multi-objective problems. Algorithm 4 presents the outline
of our MOACO algorithm. It starts by defining the initial pheromone
value of each entry of the pheromone matrix and the initial values
of pheromone limits. Then the main loop is repeated (lines 2–7)
until some termination condition is met. First, the ants probabilis-
tically construct solutions to the TSCP (line 3). Then, each solution is
evaluated by the modeling routine (line 4) and all non-dominated
solutions found in the current algorithm iteration are added to the
archive; the archive is filtered by removing dominated solutions
(line 5). Finally, the pheromone matrices will be updated (line 6)
first by evaporating a part of the pheromone and then deposit-
ing pheromone on the solution components of elite solutions. This
pheromone updating process will induce a search around the best
solutions found so far.

Algorithm 4. MOACO for TSCP

1: Initialize Initialize pheromone values matrices and Archive
2:  while termination condition not satisfied do
3:  Construct solutions
4: Evaluate the solutions’ fitness
5:  Add nondominated solutions to Archive and Filter Archive
6:  Update pheromone trails
7: end while
8: Filter Archive
9: return Archive

In our previous work, we tested various choices to be taken in a
MOACO algorithm such as the number of ant colonies to be used,
or specific settings of parameters [10]. Here, we use the best ACO
configuration found previously: a set of 60 ants divided into three
colonies, one pheromone matrix for each objective and the update
of the matrices done by region. Details about this MOACO algorithm
for the TSCP can be found in [10].

Hybrid algorithms

Earlier, we  studied separately the above four algorithms
[3,8,7,10]. Here, we combine them by concatenating two of them.
To do so, we follow two  main approaches. The first is to improve
the solutions generated by TPLS, MOACO, or MOEA by the PLS
algorithm. The second is to first execute TPLS with very few scalar-
izations and then to use the non-dominated solutions that have
been found as an initial population for the other algorithms.

Improving solutions with PLS

One natural choice is to apply PLS to post-process the solutions
generated by other algorithms and this idea has been applied also
in other researches. For example, the post-processing of solutions
generated by TPLS is also known as the TPLS + PLS framework [17].
If MOEA or MOACO are used in the first phase, in what follows we
refer to the resulting algorithms as MOEA+PLS and MOACO+PLS.
When combined with PLS, the algorithms TPLS, MOACO and MOEA
are stopped early to compare the solution quality reached by the
hybrid algorithms with the pure strategies using the same com-
putational effort. (TPLS is stopped after four scalarizations have
been executed as described in more detail in the next subsection,
while the MOACO and the MOEA algorithm are stopped after
1500 evaluations, allowing PLS a further 1500 evaluations until
the termination criterion is reached.) Note that for TPLS, MOEA
and MOACO an archive with all non-dominated solutions found

during the search process is saved. Once these methods reach a
certain number of evaluations, PLS is started, using as initial set of
solutions, all non-dominated solutions existing in the archive. Note
that the archive bounding used in PLS is not applied to filter the
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rchive of non-dominated solutions given to it as input. However,
hen choosing a solution for neighborhood exploration, the rules

f the archive bounding are used for selecting the right solution in
ach hypercube.

eeding population-based algorithms with TPLS

The quality of the initial population can have a significant influ-
nce on the search performance of population-based algorithms.
herefore, a common goal in memetic algorithms [13] is to gen-
rate a high quality initial population, which is advantageous in
he early iterations of MOEAs and MOACO algorithms. Here, we
enerate such a set of high-quality initial solutions by TPLS. In
articular, TPLS is run with four pre-defined weights � ∈ {0, 1/3, 2/3,
}, which results in weight vectors (0, 1) ; (1/3, 2/3) ; (2/3, 1/3) ; (1,
). TPLS stops once the best solution is found for each weight. It

s straightforward to seed RPSGA with some initial solutions. This
s done by including in the initial population all non-dominated
olutions generated during the execution of TPLS; if the population
annot be filled with the non-dominated solutions generated by
PLS, it will be completed by solutions that are generated uniformly
t random. Seeding a MOACO algorithm can be done by initializing
he pheromone trails in a specific way. Our choice in the hybrid
PLS+MOACO algorithm is to update the respective pheromone
atrices with an amount of pheromone corresponding to five times

he solution’s final quality before the actual start of the construction
f solutions in the MOACO algorithm. In this way, the first solutions
enerated by MOACO already take into account information on the
olutions found by TPLS. In other words, the TPLS solutions are used
o bias the solution construction during the MOACO algorithm.

Finally, we need to mention that there are actually two  inter-
retations for the TPLS+PLS hybrid. The first is that PLS is used
o post-process the non-dominated solutions generated by TPLS,
hile the same hybrid can also be seen as using TPLS to seed the PLS

lgorithm with high-quality initial solutions instead of using a sin-
le random solution as seed for PLS. Anyway, both interpretations
ead to the same algorithm.

esults and discussion

We  now evaluate the performance of the heuristic algorithms
hat we consider in this study. As a first step in the evaluation,
e use attainment functions [27]. This methodology gives for

ach objective vector z in the objective space the probability that
 is attained in one single run. As it is not possible to compute
he exact attainment function for the type of algorithms used
ere, it is estimated based on several runs of the optimizer. This
stimation is called the empirical attainment function (EAF) [28].
o allow the visualization of the EAF differences, we plot the
oints in the objective space that correspond to the jump points
f the EAF differences between the pair of algorithms compared;
he level of gray indicates the value of the differences [29]. The
stimation of the EAF uses 10 runs of each algorithm with a
ifferent random number seed. Each algorithm was run for a
aximum of 3000 evaluations of the modeling routine on each

f the 12 instances. Given the large number of resulting plots,
he paper uses only a few examples, mainly taken from instance
SCP4 with four restrictive screw elements. The EAF plots on
ll instances can be consulted in the Supplementary results at
ttp://www.dep.uminho.pt/agc/agc/Supplementary Information
age.html.
In a second step, we summarize the performance of the heuristic
lgorithms using performance indicators for multi-objective opti-
ization. In particular, we use the hypervolume indicator, which

s the unary performance indicator that complies best with the
puting 23 (2014) 298–307 303

principle of Pareto optimality [30]. In bi-objective problems and
in the minimization case, the hypervolume measures the surface
dominated by the non-dominated solutions obtained by an algo-
rithm and limited by a point that in each objective is larger than
any solution in the non-dominated front. For maximization prob-
lems, an analogous description applies. Here, we  first normalize
the results of all algorithms in all runs to the interval [1,2]. We  do
so by first removing dominated points, then converting any maxi-
mization objective into a minimization one, and finally considering
for each objective and instance the smallest and largest objective
values found by any of the algorithms. The smallest value is then
mapped to 1.0 and the largest to 2.0. The hypervolume is com-
puted taking point (2.0,2.0) as a reference. Where statistical tests
are used, we  assume as default a threshold for the error of first type
of  ̨ = 0.05.

Improving solutions by PLS

As a first step in our experimental analysis, we  examine the EAF
differences between the single, non-hybrid search methods and the
hybrids that use PLS for post-processing. Examples of results are
given in Fig. 3 for instance TSCP4 using as objectives SME and aver-
age strain. In general, MOACO+PLS shows clear advantages over
MOACO in; the differences are representative of the advantage of
MOACO+PLS over MOACO on all combinations of objectives stud-
ied for instance TSCP4. When comparing MOACO+PLS to MOACO
on the other instances, it can be observed that the advantage
of MOACO+PLS over MOACO becomes stronger as the number of
restrictive screw elements increases from one in TSCP1 to four in
TSCP4 (see Figs. 1–4 in the Supplementary results).

The conclusions when comparing MOEA+PLS with the original
MOEA are similar to those for MOACO; in Fig. 3 strong advantages
of MOEA+PLS over MOEA can be observed and these are represen-
tative of the other objective combinations on TSCP4. Similar to the
MOACO+PLS hybrid algorithm, the relative improvement obtained
by combining PLS with MOEA over using MOEA  as a standalone
algorithm increases with the number of restrictive screw elements
(see Figs. 13–16 in the Supplementary results).

The same trend as for MOACO+PLS and MOEA+PLS, although less
strong, is observable for the TPLS+PLS hybrid. An example of the EAF
differences is shown in the bottom row of Fig. 3; other comparisons
can be found in the Supplementary material.

In summary, the examination of the EAF difference plots indi-
cates that using PLS for post-processing the solutions generated
by MOACO, MOEA, and TPLS is beneficial and generally improves
performance.

Seeding algorithms by TPLS

Next, we consider the hybrid algorithms that use TPLS to
generate an initial set of non-dominated solutions. The compu-
tational results can be observed in Figs. 6–8 and 17–20 in the
Supplementary material. Here, we  summarize the main conclu-
sions. When comparing TPLS+MOACO and TPLS+MOEA to MOACO
and MOEA, respectively, the conclusions are rather mixed. For the
instances with three or four restrictive elements, the hybrid algo-
rithms show some advantages with respect to the EAF differences
when using MOACO and MOEA alone, while for one or two restric-
tive screw elements, the non-hybrid algorithms reach similar or
slightly better Pareto front approximations. As mentioned in Sec-
tion “Hybrid algorithms”, TPLS+PLS can be seen as seeding PLS by
TPLS or as post-processing TPLS by a PLS algorithm. If we take this

second perspective, we have to compare TPLS+PLS to PLS, where PLS
is seeded by one randomly generated configuration. When compar-
ing the results of these two algorithms, there seems to be a slight
edge of the hybrid algorithm over PLS, although the differences

http://www.dep.uminho.pt/agc/agc/Supplementary_Information_Page.html
http://www.dep.uminho.pt/agc/agc/Supplementary_Information_Page.html


304 C. Teixeira et al. / Applied Soft Computing 23 (2014) 298–307

5500 6500 7500 8500 9500
Average Strain

0.
75

0.
8

0.
85

0.
9

0.
95

1
S

M
E

 

MOACO

(0.8, 1.0]
(0.6, 0.8]
(0.4, 0.6]
(0.2, 0.4]
(0.0, 0.2]

5500 6500 7500 8500 9500
Average Strain

0.
75

0.
8

0.
85

0.
9

0.
95

1
S

M
E

 

MOACO+PLS

(0.8, 1.0]
(0.6, 0.8]
(0.4, 0.6]
(0.2, 0.4]
(0.0, 0.2]

6000 7000 8000 9000 1e+04
Average Strain

0.
75

0.
8

0.
85

0.
9

0.
95

1
S

M
E

 

MOEA

(0.8, 1.0]
(0.6, 0.8]
(0.4, 0.6]
(0.2, 0.4]
(0.0, 0.2]

6000 7000 8000 9000 1e+04
Average Strain

0.
75

0.
8

0.
85

0.
9

0.
95

1
S

M
E

 

MOEA+PLS

(0.8, 1.0]
(0.6, 0.8]
(0.4, 0.6]
(0.2, 0.4]
(0.0, 0.2]

6000 7000 8000 9000 1e+04
Average Strain

0.
75

0.
8

0.
85

0.
9

0.
95

1

S
M

E

TPLS

(0.8, 1.0]
(0.6, 0.8]
(0.4, 0.6]
(0.2, 0.4]
(0.0, 0.2]

6000 7000 8000 9000 1e+04
Average Strain

0.
75

0.
8

0.
85

0.
9

0.
95

1

S
M

E

TPLS+PLS

(0.8, 1.0]
(0.6, 0.8]
(0.4, 0.6]
(0.2, 0.4]
(0.0, 0.2]

Fig. 3. EAF difference plots for instance TSCP4 and the objectives SME and average strain comparing MOACO to MOACO+PLS (top row), MOEA to MOEA+PLS (middle row)
and  TPLS to TPLS+PLS (bottom row) after 3000 evaluations. Advantages in favor of the pure algorithm are indicated on the left side, those in favor of the hybrid algorithm on
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he  right side.

etween the two  are small (see Figs. 29–32 in the Supplementary
aterial).

ther comparisons

In a next step, we compare the performance of the various
ybrid algorithms. When comparing MOACO+PLS with MOEA+PLS,
he advantages are mainly on the side of the MOACO+PLS algo-

ithm (see Figs. 33–36 of the Supplementary pages). For TSCP1 this
dvantage is limited to small areas of the objective space. How-
ver, for more restrictive elements the differences become more
arked. Some illustrative results for TSCP2 and TSCP4 are given in
Fig. 4. Similarly, when comparing TPLS+MOACO to TPLS+MOEA, the
former typically reaches better Pareto front approximations (see
Figs. 37–40 of the Supplementary material).

When we  compare the two types of hybrid, that is, MOACO+PLS
and TPLS+MOACO or MOEA+PLS and TPLS+MOEA, most often the
advantages are in favor of the hybrids that use a post-processing
by PLS. In fact, in the case of the MOACO hybrids, the advantage
of MOACO+PLS over TPLS+MOACO is rather large (see Figs. 9–12

of the Supplementary material), while in the case of MOEA+PLS
vs. TPLS+MOEA, the advantage of MOEA+PLS over TPLS+MOEA is
restricted to some areas of the objective space (see Figs. 21–24 of
the Supplementary material).
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ig. 4. EAF difference plots for instance TSCP2 and TSCP4 using as objectives SM
dvantages in favor of MOACO+PLS are indicated on the left side, those in favor of M

verall results and statistical analysis

As the comparison of the hybrid and non-hybrid algorithms
hrough EAF differences is not always fully conclusive, we com-
uted the hypervolume indicator for each algorithm. Thus, for each
lgorithm we obtain 10 independent values for the hypervolume
easured on each instance.
In a first step, we perform a statistical analysis of the hyper-
olume on each instance. Each algorithm is run using at each
ndependent trial the same random number seed as a means to
educe the variance of the results; thus, the common random num-
er seed can serve as a blocking factor in a statistical analysis. We

able 4
esults after applying Friedman test and post hoc Friedman tests. In the first column is in
econd to the combination of objectives – 1 is SME  and average strain, 2 is viscous dissipa
diff,  gives the minimum significant difference of the sum of ranks for which a result is s
lgorithms ordered according to the rank; an entry x(y) indicates for x the algorithm and fo
he  numbers in the above ranking and the algorithms is as follows: 1 MOACO, 2 MOACO+P

Instance Rdiff Ranking

1 – 1 20.02 4 (0) 2 (6) 1 (19) 9 (30)
1  – 2 19.98 2 (0) 4 (8) 9 (16) 1 (17)
1  – 3 12.84 7 (0) 2 (0.5) 1 (7) 8 (22.5
2  – 1 17.71 2 (0) 4 (6) 1 (17) 7 (18)
2  – 2 19.75 2 (0) 4 (4) 7 (23) 1 (26)
2  – 3 17.81 2 (0) 7 (4) 1 (9) 3 (12)
3  – 1 21.18 2 (0) 7 (20) 4 (22) 9 (23)
3  – 2 21.44 2 (0) 1 (5) 4 (7) 9 (16)
3  – 3 21.77 2 (0) 9 (15) 5 (20) 4 (23)
4  – 1 Inf 4 (0) 5 (1) 9 (1) 7 (6) 

4  – 2 21.65 7 (0) 2 (4) 4 (6) 8 (7) 

4  – 3 19.95 2 (0) 4 (19) 5 (21) 7 (23)
 average strain. We compare MOACO+PLS to MOEA+PLS after 3000 evaluations.
+PLS are indicated on the right side.

used the Friedmann test and computed the minimum difference of
the sum of ranks for which a pair of results is considered signif-
icantly different. The results of this statistical analysis are given
in Table 4. From these results we  can observe that MOACO+PLS
performs best: for eight instances it ranks best and it is never statis-
tically significantly worse than the best ranking algorithm. Another
high performing algorithm appears to be MOEA+PLS, which for nine
instances is among the top three ranking algorithms and never

among the worst three of the remaining.

To further summarize the results, we give in Table 5 the rank-
ing of each algorithm across the 12 instances, together with their
average ranking. These results confirm the insights obtained by the

dicated the instance (first number refers to the number of restrictive elements; the
tion and average strain and 3 is viscous dissipation and SME). The second column,
ignificantly different from the best ranking algorithm. The other columns give the
r y the difference of the sum of ranks to the best ranked one. The matching between
LS, 3 MOEA, 4 MOEA+PLS, 5 PLS, 6 TPLS, 7 TPLS+MOACO, 8 TPLS+MOEA, 9 TPLS+PLS.

 7 (32) 3 (34) 6 (37) 5 (38) 8 (56)
 3 (21) 6 (21) 7 (27) 5 (38) 8 (59)
) 9 (41.5) 4 (42) 5 (46.5) 3 (50) 6 (64.5)

 3 (38) 5 (44) 8 (45) 6 (50) 9 (52)
 9 (31) 8 (42) 6 (43) 3 (44) 5 (48)

 8 (19) 4 (24) 9 (34) 5 (48) 6 (57)
 5 (24) 1 (25) 8 (42) 3 (46) 6 (50)

 5 (17) 7 (22) 6 (31) 3 (39) 8 (43)
 1 (28) 7 (30) 8 (38) 6 (41) 3 (48)

2 (7) 8 (9) 1 (19) 6 (24) 3 (32)
9 (13) 1 (19) 5 (28) 6 (33) 3 (43)

 1 (25) 9 (38) 8 (39) 3 (47) 6 (58)
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Table 5
The rank of each algorithm on the 12 instances. Rank 1 refers to the best algorithm, rank 9 to the worst ranking algorithm. At the bottom of the table, the average rank for
each  algorithm is shown.

Instance MOACO+PLS MOACO MOEA+PLS MOEA PLS TPLS TPLS+MOACO TPLS+MOEA TPLS+PLS

1 – 1 2 3 1 6 8 7 5 9 4
1  – 2 1 4 2 5 8 6 7 9 3
1  – 3 2 3 6 8 7 9 1 4 5
2  – 1 1 3 2 5 6 8 4 7 9
2  – 2 1 4 2 8 9 7 3 6 5
2  – 3 1 3 6 4 8 9 2 5 7
3  – 1 1 6 3 8 5 9 2 7 4
3  – 3 1 2 3 8 5 7 6 9 4
3  – 3 1 5 4 9 3 8 6 7 2
4  – 1 5 7 1 9 2 8 4 6 3
4  – 3 2 6 3 9 

4  – 3 1 5 2 8 

Avg.  1.67 4.25 2.92 7.25

Table 6
Results after applying Friedman test and post hoc Friedman tests to the data from
Table 5. Rdiff gives the minimum significant difference of the sum of ranks for which
a  result is significantly different from the best ranking algorithm. After each algo-
rithm identifier is given in parenthesis the observed difference in the sum of ranks.

Rdiff Ranking

17.83 MOACO+PLS (0) MOEA+PLS (16) TPLS+MOACO (26) MOACO (32)

d
T
u
r
a
o
t
c
t
t

C

t
c
h
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s
o
m
t
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T
t
r
i
i
f
d
A
r
h
t
e

w
i
r

TPLS+PLS (38) PLS(52) TPLS+MOEA (61) MOEA (68)
TPLS  (76)

iscussion of the EAF differences plots and the ranking results in
able 4. We  may  also apply a Friedman test on these additional data,
sing now the instances as blocking factor. In Table 6 we give the
esults of this test. It confirms MOACO+PLS as the best performing
lgorithm for the TSCP. It is statistically significantly better than all
ther algorithms, the only exception being MOEA+PLS. In addition,
hese results also indicate that overall the hybrid algorithms typi-
ally rank better than the non-hybrid search algorithms on which
hey are based, thus confirming the usefulness of hybridization in
he algorithmic approaches to the TSCP.

onclusions

A main conclusion from our computational results is that for
he TSCP hybridization of algorithms improves performance when
ompared to the underlying, non-hybrid search methods. The
ybrid algorithms can be classified into two approaches. The first

s to use PLS as a post-processing of the non-dominated set of
olutions generated by TPLS, MOACO, or MOEA. In this case, we
btained rather large improvements over the non-hybrid search
ethods used in the first phase. The second approach to hybridiza-

ion is to seed the initial set of solutions to PLS, MOACO or MOEA
y the non-dominated solutions returned by TPLS. In this case,
PLS used only very few weight vectors to limit its computation
ime. Although seeding PLS, MOACO, and MOEA by TPLS solutions
esulted in a better ranking of the hybrid algorithms than the
ndividual search techniques, the relative improvements accord-
ng to the EAF differences were rather small. Hence, the conclusion
rom our experimental analysis is that the post-processing of non-
ominated sets by PLS is the most promising hybrid approach.
mong these, MOACO+PLS performs best: it reaches the overall best
anking among the nine algorithms we compared and obtains the
ighest hypervolume on eight of the 12 instances. It also ranks sta-
istically significantly better than all other competing algorithms,
xcept MOEA+PLS.
From the point of view of the twin-screw extrusion problem,
e can conclude that the hybrid algorithms allow to potentially

dentify better screw configurations. Given that the hybrid algo-
ithms obtained, for a same number of screw evaluations, better
7 8 1 4 5
3 9 4 7 6
5.92 7.92 3.75 6.67 4.75

approximations to the Pareto front, we  have also evidence that
they are faster to reach high quality Pareto fronts than the non-
hybrid ones. This is important as the computation time required to
evaluate solutions is high.

There are a number of possible directions for future research
on the TSCP. First, we  would like to improve the performance of
the algorithms by trying to introduce recent improvements on the
anytime behavior of PLS [31]. Such extensions will be crucial for
adapting our algorithms to three and more objectives. Finally, we
would also like to explore more advanced versions of the problem,
where in a first step appropriate screw elements have to be cho-
sen from a large set of available ones and then the chosen screw
elements be sequenced in the second step. This more complex prob-
lem results in much larger search spaces and therefore it provides
a significant challenge for future research.
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